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The present paper is a continuation of Grodzki's (1972) paper and is related 
to the complexity of shift-registers. The notion of a degree of complexity for 
the class of all equivalent shift-registers i  introduced. 1 
With every class B of all equivalent shift-registers i associated a certain 
nonempty set E--the set of all sequences generated by every shift-register of 
a class B. From two equivalent shift-registers of B that is simpler, which has 
fewer number of cells. The number of cells of the simplest shift-register of B is 
a degree of complexity of the class B, i.e., the degree of complexity of the set E 
of all sequences generated by every shift-register of the class B. 
In order to give better characteristic of a degree of complexity, an essential 
degree of complexity is introduced. The intuition of this notion is the following: 
If E is of a degree of complexity k for some k >/ 1, then every subset F _C E 
can not be generated by a shift-register with fewer number of cells than k. 
In Grodzki (1970, 1971) papers the fundamental properties of these notions 
were given. 
In this paper we shall study their properties further. 
1. PRELIMINARIES AND DEFINITIONS 
We shall use the notations of Grodzki 's  (1972) paper. We shall distinguish 
physical objects (shift-registers) f rom formal notions for these objects 
(h-machines). Further  studies will concern only formal notions. 
DEFINITION 1. Consider a nonempty set M (finite or infinite) and a 
number  k >~ 1. Let  E C M*  be an arbitrary set of computations. The  number  
k is said to be a degree of complexity of E (Notation: deg(E) ~ k) iff k is the 
smallest number  of all numbers m for which there exists m-machine A~ that 
E is a set of all its computations. 
DEFINITION 2. Consider a nonempty set M and a number  k ~ 1. Let  
E C M*  be an arbitrary set of computat ions of a degree of complexity k. 
x Two shift-registers are said to be equivalent if they generate identical sequences. 
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The number k is said to be an essential degree of complexity of E (Notation: 
Es deg(E) = k) iff every set of computationsF C E is of a degree of complexity 
k. 
2. THE PROPERTIES OF THE SETS OF COMPUTATIONS 
OF THE DEGREES OF COMPLEXITY k 
THEOREM 1. Let M be a nonempty set and let k ~ 1 be an arbitrary 
number. A sequence T ~ M*  of the length greater than k is k-computation iff 
T is p-injective or p-cyclic, for some p, 1 ~ p ~ h. 
COROLLARY 1. Let M be a nonempty finite set and let k ~ 1 be an arbitrary 
number. Then for every k-computation T ~ M °~ there exists p, 1 ~ p ~ k 
such that T is p-cyclic. 
THEOREM 2. Let M be an arbitrary nonempty set (finite or infinite). A set 
E C Jtl* is a set of computations iff there exists k >/ 1 such that the following 
conditions are satisfied: 
(1) AT~B(l(T) > k), 
(2) /~  Ai~(~)_~ (T I, e E), 
(3) E is k-similar. 
Theorems 1 and 2 in Grodzki's (1972) paper are given. 
THEOREM 3. Let M be an arbitrary nonempty set (finite or infinite) and let 
E C M* be an arbitrary set of computations. E is of a degree of complexity k, 
for some k >/ 1 iff Sin(E) = k + 1 or SIn(E) = ~ and k is the smallest number 
of all numbers m suck that E is m-similar. 
COROLLARY 2. Let E andF be two sets of computations such that,F C E and 
E C M ~. For every number k >~ 1, if deg(E) = k, deg(F) ~ k, 
Proof of Theorem 3 in Grodzki's (1970) paper is given. 
THEOREM 4. Let M be an arbitrary set such that 1 < card(M) < ~0 and 
let k I .... , k s be a sequence of positive integers. Then 
E Oco ~ and F -~ ~ 
i=1 i=1 
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are sets of computations such that deg(E)> max(k 1 ,..., k~) and deg(F) 
rain(k1 ,..., k~) where Cm ~° denotes the set of all infinite m-computations of M ®. 
Proof. Consider a set M such that 
1 < card(M) < ~t0. (1) 
Let k 1 ,..., k~ be an arbitrary sequence of positive integers. Let be 
e=Oc < and (2) 
i=1 i= l  
Since every Ck~ for 1 ~ i ~ n is the set of all infinite ki-computations, it is 
obvious that for the sets E and F the condition (2) of Theorem 2 is satisfied. 
Now we are going to prove there are the numbers p, q(p >/ 1, q >~ 1) 
such that E is p-similar and F is q-similar. 
At the beginning observe that from the assumption (1) it follows that for 
every ki, 1 ~ i ~ n there exist a finite number of functions go e M (Mk~). 
It follows therefore that card(C~) < ~t0. From this we obtain that 
card(e) < R0, (3) 
and 
card(F) < N0. (4) 
Consider a set E. From (1) and from Corollary 1 it follows that every sequence 
T of E is m-cyclic for some m, 1 <~ m ~ max(k 1,..., k~). Define a total 
function ~r : E ~ N as follows: lr(T) = l(U) q- l(V), where U and V denote 
an initial segment and a cycle of T. From (1) and (3) it follows there exists 
p - -  1 ) 1 which is a greatest number of R~. Then E is p-similar. 
Analogously it may be proved that q ~ 1 exists such that F is q-similar. Since 
for E and F the conditions (1)-(3) of Theorem 2 are satisfied, then E and 
F are the sets of computations. 
We have to prove only that deg(e)> max(k 1 ,..., k~) and deg(F )< 
min(k 1 .... , k~). Consider a set E. Let r = max(k 1,..., k,). Now we are going 
to construct a set of computations G _C E such that deg(G) > r. From this 
we obtain that deg(e) > r. Let x, y(x v ~ y) be two elements of M. Define 
two infinite sequences T=t  1,t~,... and U=ua,u2 , . . .  as follows: 
h=ui -~xforevery i ,  1 ~i~r ,  6 -=u~.=yforevery j ,  r-+- 1 <~j~<2r, 
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t2r+2n+ 1 -~- X, t2r+2n+ 2 = y ,  U2r+3n+ 1 = X~ U2r+3n+ 2 ~ X~ U2r+3n+ 3 = y for  
every n ~> 0. Let 
GI=IV~M~:  V(V=T[ i )  I, 
i ) l  
j~>l 
and let G = G 1 u G2 • Since every sequence X ~ G is s-cyclic for some 
s ~< r, then G C Cr% From the construction it follows that G satisfies 
the conditions (1)-(3) of Theorem 2; so G is a set of computations. Since 
2r 4- 2 is the smallest number of all numbers k such that G is k-similar, 
then from Theorem 3 it follows that deg(G) ~ 2r 4- 2. Since G _C E and 
deg(G) > r, then from Corollary 2 it follows that deg(E) > r. 
It is easy to see that deg(F) ~< min(k 1 .... , k~). Theorem 4 is proved. 
3. AN ESSENTIAL DEGREE OF COMPLEXITY OF THE SETS OF COMPUTATIONS 
THEOREM 5. Let M be an arbitrary set such that card(M) > 1 and let 
E C M*  be an arbitrary set of computations of a degree of complexity k, for 
some k >~ 1. The number k is the essential degree of complexity of E iff the 
following condition is satisfied: 
For every set F C E Sm(F) = k 4- 1 or Sin(F) = ov and k is the smallest 
number of all numbers m such that F is m-shnilar. 
Proof of Theorem 5 is given in Grodzki's (1971) paper. 
THEOREM 6. Let M be an arbitrary set such that card(M) = No. For 
every number k ~ 1 there exists an infinite sequence E 1 , E 2 ,... of the sets of 
computations such that 
(1) 
(2) 
(3) 
a set of 
Es deg(Ei) == k for every i ~ 1, 
card(Ei) = N0 for every i >/ 1, 
For every i, j, 1 <~ i < j we have E i n E~ = ~ and E i • E~ is not 
computations. 
Proof. 
to ,  t l  ,... 
denotes 
Let M be an arbitrary set such that card(M) = No. Denote by 
the elements of M. Let k ~ 1 be an arbitrary number and let i 
a sequence T = t 1,..., t~ such that i ~ t for every i, 1 <~ i ~ k. 
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For every i />  1 define a sequence Xi as follows: 
X~ - -  to ,  T~,  T~+I .... , 
where l(T~) ~- kn(n >/ i  >/ 1) and Ti -~ il ,..., 6 ,  T¢+1 = i~+1 .... , t2~+2, 
T~+ 2 ~- i~i+3 ,..., i3i+5 and so on. Let 
= lY: V (" = x,  1 )t q 1). 
J 
It is easy to show that every Ei(i ~ 1) is a set of computations such that 
Es deg(Ei) ---- k. The properties (2) and (3) of Theorem 6 follow immediately 
from the construction. Theorem 6 is proved. 
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